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ABSTRACT:  In this paper we have proved that the peculiar property of nucleus (N) in an alternative ring (R)  i.e nucleus contracts 

to centre C  when alternative ring is octonion and nucleus expands to whole algebra when the alternative ring is associative.  
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INTRODUCTION: Alternative rings  arose out of the work of Ruth Moufang  in 1930’s When he put his attention mainly on 

multiplicative structure of alternative division ring .The next prime mover was E.G. Goodaire[1]He shows that alternative loop 

algebras does not exists.  E.Kleinfled[2,3,4,5], R.H. Bruck[6],Emil Artin and Macdonold gives a beautiful characterization of 

alternative algebras. Armin Thedy[7,8,9] discussed about right alternative rings.Slater[10,11] gives an idea about purely alternative 

rings concept.Kevin  Mc Crimmon [12,13 ]in his  A taste of Jordan algebras  mention peculiarities of alternative nucleus.Alternative 

rings derive their name from the fact that in an alternative ring the associator is an alternating function through linearization. 

 PRELIMINARIES:   A ring R is said to alternative ring in which left and right alternative laws satisfies.   

)()( 2 pqpqp   

pqpqp )()( 2   

In nonassociative ring theory two important functions are commutator and associator defined as      

 qppqpq )(  

)()()( qrprpqpqr    for all  rqp ,,  in R.  

An alternative algebra is automatically flexible which satisfies the commutation relation )()( qppppq   

Alternatively is equivalent to the associator  ),,( rqp being an alternating multilinear function of its arguments i. e 

in the sense that it vanishes if any two of its variables are equal 

  0),,(),,(),,(  pqpppqqpp  

The very interesting and peculiar property is that in non associative ring the centre and ,nucleus are associative 

defined as follows    

      Nucleus(N)  = { R / 0),,(),,(),,(   }    

 Centre ( c) =  0),,,(),/({  RRCRCNc }     
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 Nuclearity conditions can be written in terms of associators as 0),,(),,(),,(  nqpqnpqpn so alternation 

nuclearity 0),,( nqp reduces to  0),,( qpn  in alternative algebra. In general these identities are quadratic in

p  so they automatically linearize and all scalar extensions of alternative algebras are again alternative  
 

                           The fundamental and most extremely useful tool in  nonassociative  algebra is linearization using                              

this concept we replace a repeated variable or an identity by the sum of two variables in order to obtain another identity like       

),,(),,( qprqrp 
,
 

                          ),,(),,( qrprqp   

 Alternative rings automatically satisfy flexible identity known as Moufang lemma. 

                         0),,( pqp  

 0),,(),,(  qpppqp  

The flexible identity says  qppppq ..    in other words the expression  pqp   is unambiguous in an alternative 

ring. 

           Kleinfield function      f :  R
4
 → R defined  as      

             )1(),,(),,(),,(),,,(   rqprqprqprqpf       

             )2(),,(),,(),,( 2  prqprqpppqp  

            If the characteristic is not two, the liberalized relation implies the flexible property valid in any ring   known as Teichmuller 

identity  

)3(),,(),,(),,(),,(),,(  rqprqpqrprpqrqp   

Alternative algebra satisfy the  Moufang   left, middle, right laws and bumping formula which plays a vital role they are  

     
)4())(())((  prqprppq  

  
)5()())((  pqrprppq

 

       
 

      
)6()(())((  rqqpqrpq

  
 

)7(),,(),,(  prqprpqp  

The respective proofs (3 ) to (7) are as follows, 

 

)(())((()))(())((())(())(( qrpqrprpqrpqqrprqp    

    ))(())(()))(())(())(())(( qrpqrprpqrpqqrprqp    

))(()))(())(())(( qrprpqrpqrqp    

),,(),,(),,( qrprpqrqp  
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)()(())()(( qrprpqrpqqp    

),,(),,( rqprqp    

Moufang laws 

))(())(())(())(())(())(( prqpprpqprpqrppqprqprppq   

),,(),,( prqprppq   

),,(),,( qpprprpq   

   0),,(),,(  pqprprpq                                                                                               

 Similarly middle and right laws, 

pqrpprpqprpqrppqpqrprppq )())(())(())(()())((   

=  - prqpprpq ),,(),,(   

= prqprppq ),,(),,(   

= 0),,(),,(  prqpprpq  

))(())(())(())(()(())(( rqqprqpqrqpqqrpqrqqpqrpq   

 

),,(),,( rqqpqrpq   

  

Bumping formula as    ),,(),,(),,( 2pqrprqprpqp   

Using Jordan algebra and linearization 

),,(),,( 2 qrpqprp 
 

By alternativity and left alternativity,
 

)()())(()( 222 rqpqrpqprpqrp
z

  

 ))(())(( rqppqprp   

))()(( rqppprp   

),,( qrpp
 

By using alternativity 

0),,(),,(  pqrqrqpq
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= 
),,( prqp

).,,( xzyx

 

MAIN RESULTS: 

Lemma: If   R  is an alternative with nucleus )(RNucN   then for any element .,,, RrqpNn  , it satisfies  

(1) Nuclear slipping formula  

),,(),,(),,( rqpnrqnprqpn   

 (іі) The nucleus is commutator closed  NRN ),(     

(ііі )  It satisfy nuclear product   relations 0),,)(,(,),(  rqpnpNpXN     for any .,, Rrqp  . 

(іѵ)  Nuclear commutators absorb R and annihilate associators. 

0),,)(,(,),(  RRRNNNRNN  

 (ѵ )   If C satisfy  NCRC ),(  then  If ),( CCc  it has Rc 1
 then  CR   is associative. 

PROOFS:    From the equation (3) 

 + 

 

            Put   Nn  

rqpnrqpnqrpnrpqnrqnp ),,(),,(),,(),,(),,(   

),,(),,( rqpnrqnp   

),,(),,( rqpnrqpnnp   

),,(),,(),,( rqpnrqpnrqnp   

),,(),,(),,( rqpnrqpnrqnp   

Known  as  nuclear slipping formula. 

    іі)   NRN ),(   

since Nppn ),( 0),,),(( RRppn     

),,)(,( rqppn  

By using nuclear slipping formula 

   Hence Npn ),(   

   NRN  ),(      

rqprqpqrprpqrqp ),,(),,(),,(),,(),,(  
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 (ііі) From equation (3) and (1) 

0),,(),,(),,(),,,(  pnrqnrpqnrpqnrqpf  

   0),,(),,(),,(),,,(  nrqprqnprqnprqpnf  

     which gives nrqprqnp ),,(),,(     

  Similarly    ),,(),,( rqpnrqpn        

0),,(),,(),,(),,(),,(  rqnxrqnpqrnprnqprqpn  

0),,(),,(  rnqprqpn    

So ),,(),,( rnqprqpn  ,   

 since ),,(),,(),,(),,(),,( rqnpnrqpnprqprnqrqpn   

 Thus we obtain   0),),(( rqpn    thus Nnp ),(                   

Now  by   using    equation    (2) 

pnqnpqnqp ),(),(),((   

0),),,,((  rpnpq  

0),,),((),),(((  rppnqrpnpq  

0),)(,,(),,)(,(  nqrpprpqnp  

0),,)(,(  rpqnp         

 (іV) Linear zing  mpp   for Nm  in result (2) gives (7) 

NppN ),(  , NmpmpN  ))(,( , )))(,(),(( mpmNpN   

mmNpmNmpNppN ),(),(),(),(   

0),(),(  pmNmpN  

NpmNmpN  ),(),(  

Similarly, we get   

),,)(,(),,)(,( rqmpnrqpmn   

 0),,)(,( rqpmn Since NRNN ),(  

0),,)(,(  RRRmn  
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 ( V )  If  ))(( 2 cRcccRC    

= ))(( 2 Rccc

 

 Using left Moufang 

 RIR   

 NRCN   

.RCN   

Thus all these properties are also true in associative algebra where 0),,( rqp  and   

RN   and in octonion algebra where  )(RcenN  , .0),( RN                                                                 
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