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Abstract:One of the important challenges that control engineers face in the field of robotics is manipulator control with acceptable 

performance. The main objective of this paper is to design a Fuzzy C-Means (FCM) controller for the position control of 2-link 

flexible robot manipulator. The robot manipulators are highly nonlinear, time variant and multiple input multiple outputs (MIMO) in 

nature. Computed Torque Controller (CTC) is an efficient nonlinear controller for controlling the position of robot manipulators. CTC 

works well when all the physical and dynamic parameters are known but when the robot manipulator has variation in dynamic 

parameters, and practically have large amount of uncertainties. Because of this reason, the controller has no acceptable performance. 

In order to overcome the disadvantages of CTC like not obtaining minimum error, fine trajectory, good disturbance rejection, a two 

input Fuzzy C-Means controller is proposed to control the position of the robot manipulator. Integration of this Fuzzy C-Means 

Proportional Derivative controller with Computed Torque Controller (CTC), and its application to two link flexible robot manipulator 

is also presented. The error in the each joint angle is also observed in this proposed work.In this paper the presented clustering 

algorithm allows us in classifying the data as distinct groups by using and/or functions. The optimal rule base for the proposed system 

in this paper is designed by using the clustering technique i.e. FCM technique. The optimal rule base is graphically obtained by using 

Phase Plane Analysis. The efficacy of the proposed controller is proved by comparing the results with results obtained with the normal 

conventional Computed Torque Controller (CTC). 

Keywords: Flexible robot manipulator, CTC, FCM controller. 

1. Introduction 

The robotic applications are of wide range in field of engineering and technology. An important section of robot anatomy is the end 

manipulator. These manipulators are widely used in applications likewelding, assembling, painting, grinding, mechanical handling and 

other industrial applications. These applications may require exact path planning, trajectory generation and control design. The robot 

manipulators are highly nonlinear in nature. Computed Torque Controller (CTC) is powerful nonlinear controller which is widely used 

in controlling the position of robot manipulator. The main targets in designing control systems for robot manipulators are stability, 

good disturbancerejection, and small tracking error when all dynamic and physical parameters are known, computed torque controller 

works efficiently. But practically these systems have large amount of uncertainties. Therefore in this paper design of Fuzzy C-Means 

controller in integration with CTC, and its application to 2-link flexible robot manipulator is presented. The mathematical model of 

with computed torques is taken and is implemented in SIMULINK. This design of CTC is based on feedback linearization and 

computes the required arm torques using the nonlinear Feed-back control law. A non-classical method i.e. Mamdani type Fuzzy C-

Means control is used here in order to obtain better results. The error in the angle is obtained by using equation e         d-  a, where 

 d is desired position and  ais the actual position of the manipulator. The obtained results are compared with that of the results 

obtained in the normal conventional Computed Torque Controller (CTC). The remaining part of the paper is organised as follows: 

section II explains about the mathematical model of 2-link flexible robot manipulator, Section III explains about design aspects of 

Fuzzy C-Means controller, Section IV explains about the simulation results and discussion. 

2. Mathematical model of 2-link flexible robot manipulator: 

 

Figure 1: The two link flexible robot manipulator 
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The mathematical model with computed torques of the 2-link flexible robot manipulator is derived by using Lagrange’s equation, 

which is given by [1] [2] 
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Thus, the kinetic energy for the link 1 with the linear velocity    
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And its potential energy is 

   
 

 
                    ------ (5) 

Where g is the magnitude of acceleration due to gravity in the negative direction of Y-axis. For the second link, link 2, the Cartesian 

position coordinates (x2, y2) of the center of mass of link are: 
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Differentiating Equation (6) gives the components of velocity of link 2 as 
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From these components, the sequence of the magnitude of velocity of the end of link 2 is 
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Where                           (     ) and        (     )                    Thus the kinetic energy of link 2 with 
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The potential energy of link 2, from Equation (6), is 

           
 

 
                ----- (11) 

The Lagrangian                   is obtained and rearranging and simplifying, the Lagrangian is  
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From (2.3) the torque at joint1 is 
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The Lagrangian function L in  12  is differentiated w.r.t.  1 and  1 to give 
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Differentiating (15) w.r.t. time. 
 

  
(
  

  ̇ 
)  *(

 

 
     )   

  
 

 
    

          +  ̈    *
 

 
  
  

 

 
      +  ̈           ̇  ̇  

 

 
         ̇ 

 
               ----

- (16) 

Substituting the results obtained in (14) and (16) in (13), the torque at joint 1 is obtained as 

   *(
 

 
     )   

  
 

 
    

          +  ̈    *
 

 
  
  

 

 
      +  ̈           ̇  ̇  

 

 
         ̇ 

 
 (

 

 
   

  )       
 

 
           ----- (17) 

Similarly the derivatives of Lagrangian (12) for joint 2 are 
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So that torque at joint 2 
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Equations (17) and (20) are the EOM (dynamic model) of the 2-link planar manipulator.  Because both the joints are revolute, the 

generalized torques t1 and t2 represent the actual joint torques. 

 From (17) and (20), the generalized torque equation can be written as: 
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       ̈      ̈                               ----- (21) 
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3. Design of Fuzzy C-Meanscontroller:  

 

3.1 Design procedure 

 

In the present practice, fuzzy logic technique [3] [4] is an emerging research area due to its application to complex systems is very 

much successful, where some conventional methods like PID controllers are difficult to apply. The Fuzzy Logic model is empirically-

based, relying on an operator’s experience rather than their technical knowledge of the system [5] [6]. Fuzzy C-Means (FCM) is a 

clustering [7] method which allows one piece of data belong to two or more clusters. The design methodology of FCM controller is as 

follows:[8] 

Step 1: The Normal Fuzzy controller is designed heuristically with fuzzy linguistic rules. 

Step 2: The Fuzzy C-Means controller is tuned to the normal fuzzy controller. 

Step 3: The phase-plane plot of the input space is obtained. 

Step 4: The input space is divided into clusters using Fuzzy C-Means and the cluster centers are identified. 

Step 5: The sequence of rules of the original fuzzy controller is super imposed onto the phase-plane plot of the input space with cluster 

centers. 

Step 6: Hence the required rules are identified and the non-cooperative rules are thus eliminated. 

   ∑ ∑    
 ‖     ‖

  
   

 
   ----- (22) 

where m is any real number greater than 1, uij is the degree of membership of xi in the cluster j, xi is the i
th

 of d-dimensional measured 

data, cj is the d-dimension center of the cluster [15] [16], and ||*|| is any norm expressing the similarity between any measured data 

and the center. 

 Fuzzy partitioning is carried out through an iterative optimization of the objective function shown above, with the update of 

membership uij and the cluster centers cj by:  
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This iteration will stop when ,|   
(   )

    
 |-    , where   is a termination criterion between 0 and 1, whereas k is the iteration step 

[9]. This procedure converges to a local minimum or a saddle point of Jm. In a batch mode operation, FCM determines the cluster 

centers ci, and the membership matrix U using the following steps [10] [11]: 

Step 1: Set the number of clusters c. Initialize the membership matrix U with random values between 0 and 1 such that the 

summation of degrees of belongingness of a data point to all clusters is always equal to unity.  

Step 2: Calculate c Fuzzy cluster centers, 1, ci where i = 1, 2...c, using eq. (3).  

Step 3: Compute the objective function according to eq. (2). Stop if either it is below a certain tolerance value or its improvement 

over previous iteration is below a certain threshold.  
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Step 4: Compute a new U using eq. (3). Go to Step 2. 

 

3.2 Phase Plane plots 

 

The Fuzzy C-Means model is an empirical based, relying on an operator’s experience rather than their technical knowledge of the 

system [12]. And the major drawback is the design of the rule base. By using the phase-plane plots for the given to the fuzzy controller 

rule base is obtained. Stability of fuzzy system requires characterization of the relation between the rule base and state space with the 

dynamic system under control.This relation is based on the relative of influence of every rule of the rule base by fuzzy inference 

engine. A closed loop trajectory can be mapped on the position of the space. A sequence of rules obtained according to the order in 

which they are fired forms the solution called linguistic trajectory. This provides guidelines to obtain the necessary rule base from the 

phase plane plots of the inputs given to the fuzzy controller. The clusters are formed in entire position space of the inputs using Fuzzy 

C-Means. The cluster centers are identified and marked on the phase-plane plot [13] [14]. These plots are mapped with the closed–

loop trajectory and the required. 

 

Figure 2: Phase Plane plot 

Table 1 The effective rule base 

Input 1 PB NS NS NB PS 

Input 2 PS PB NS NB NB 

Output NB NS PM PB NM 

 

 

 

4. Results and Discussions 

 

The proposed Fuzzy C-Means controller applied to 2-link flexible robot manipulator has been tested for both step and ramp inputs and 

compared with normal CTC and reference signal. Therobotic arm mathematical model with computed torques was simulated to 

evaluate the performance of the controller. The difference between the desired location and current location is an input vector to the 

controller that generates joint rate commands. The performance of the proposed controller is tested in the presence of uncertainties 

such as inertial and gravitational constants. The results presented in this paper prove the effective performance of the proposed 

controller. The development of the control algorithm, simulation, testing, results, and the performance of the controller are reported. 

From Figures (3-8) it can be observed that the responses of theta value with Fuzzy C-Means controller when both ramp and step inputs 

are given. The numerical data analysis is shown in Tables (2-6). The similar analysis was done for the remaining three links. The 

minimized fuzzy rule base is shown in Table 1. This work concludes that the Fuzzy C-Means based controller outperformed the other 

controllers. The peak time, delay time, rise time, settling time and the peak overshoot are reduced considerably.   
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Conclusions: 

 

Here in this article a novel approach, designing of Fuzzy C-Means Controller (FCM) is presented. It is a fuzzy rule based approach for 

robot motion control to eliminate the computational complexity associated with the conventional mathematical algorithm. The errors 

in the joint angles of manipulator are minimized considerably. In this paper fuzzy computed torque controller with minimum rules is 

obtained by validating the clusters to choose most contributed rules. The fuzzy clustering technique in addition with the phase-plane 

plot of the inputs of the fuzzy controller is utilized and finally required rules are identified, the non-cooperative or unfired rules are 

thus eliminated. The numerical analysis shows the effectiveness of the proposed FCM controller in minimizing the error in joint 

angles when compared to Computed Torque Controller (CTC) and that of the reference signal. 

 
Figure 3: Response of thta1 for step input without uncertainties 

 

 

 

 

Table 2: Response of thta1 for step input without uncertainties 
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Figure 4: Response of thta1 for ramp input without uncertainties 

 

Table 3: Response of thta1 for ramp input without uncertainties 

 

 

Control 

technique 
Tp (sec) Td (sec) Ts(sec) Tr(sec) Mp ess 

CTC 3.4 1.75 8.95 2.982 0.241 0.21 

FCM 3.23 1.58 3.5 2.935 0.225 0.04 
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Figure 5: Response of thta1 for ramp input with uncertainties 

 

 

Table 4: Response of thta1 for ramp input with uncertainties 

 

 

Control 

technique 
Tp (sec) Td (sec) Ts(sec) Tr(sec) Mp ess 

CTC 3.4 1.75 8.95 2.982 0.241 0.21 

FCM 3.23 1.58 3.5 2.935 0.225 0.04 

 

 
Figure 7: Response of thta2 for step input without uncertainties 

 

 

Table 5: Response of thta2 for step input without uncertainties 

 

 

Control 

technique 
Tp (sec) Td (sec) Ts(sec) Tr(sec) Mp 

Control 

technique 

CTC 3.74 1.68 4.53 2.82 -0.157 CTC 

FCM 3.17 2.08 3.21 2.94 -0.043 FCM 
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Figure 8: Response of thta2 for step input with uncertainties 

 

Table 6: Response of thta2 for step input with uncertainties 

 

Control 

technique 
Tp (sec) Td (sec) Ts(sec) Tr(sec) Mp Mp 

CTC 3.74 1.68 4.53 2.82 -0.157 -0.157 

FCM 3.17 2.08 3.21 2.94 -0.043 -0.043 
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Figure 9: Response of theta2 for ramp input against gravity without uncertainties 

 

Table 7: Response of theta2 for ramp input against gravity without uncertainties 
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CTC 3.4 1.74 6.6 3.1 0.205 0.22 

FCM 3.35 1.578 3.75 2.96 0.125 0.0075 
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Figure 10: Response of theta2 for ramp input against gravity with uncertainties 

Table 8: Response of theta2 for ramp input against gravity with uncertainties 
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technique 
T

p
(sec) T
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(sec) T

s
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CTC 3.4 1.74 6.6 3.1 0.205 0.22 

FCM 3.35 1.578 3.75 2.96 0.125 0.0075 

 

 

REFERENCES: 

 

[1]    Dennis S. Bernstein, Wassim M. Haddad, “LQG Control with an Hα Performance Bound”, IEEE Transactions on Automatic 

Control, Vol. 34, No. 3, 293-304, March 1989. 

 [2]       Farzin Piltan, Mohammad Hossein Yarmahmoudi, “PUMA-560 Robot Manipulator Position Computed Torque Control 

Methods Using MATLAB/SIMULINK and Their Integration into Graduate Nonlinear Control and MATLAB courses” 

IJRA, Volume (3): Issue (3): 2012. 

[3]    S.Tzafestas, N. Papanikolopoulos, “Incremental Fuzzy Expert PID Control”, IEEE Trans. Ind. Elec.,Vol.37, 1990, pp. 365-371. 

[4]       Tanaka, K., H.O. Wang, Fuzzy Control Systems Design and Analysis, John Wiley and Sons Inc., 2001. 

[5]  T.Taniguchi, K. Tanaka, and H. O. Wang, “Fuzzy descriptor systems and nonlinear model following control," IEEE Trans. Fuzzy 

Syst., vol. 8, no. 4, pp. 442{452, Aug. 2000. 

[6]      Palm, R., "Control of a Redundant Manipulator Using Fuzzy Rules," Fuzzy Sets and Systems, Vol. 45, pp. 279-298, 1992. 

[7]   Subudhi.B, Reddy.B.A, Monangi.S, “Parallel structure of fuzzy PID controller under different paradigms”, Industrial Electronics, 

Control & Robotics (IECR), 2010 International Conference on DOI: 10.1109/ IECR.2010.5720137, pp. 114-121, 2010. 

[8]     FarzinPiltan , A. H. Aryanfar, Nasri B. Sulaiman, M. H. Marhaban and R. Ramli “Design Adaptive Fuzzy Robust Controllers 

for Robot Manipulator,” World Applied Science Journal, 12  12 : 2317-2329, 2011. 

[9]        J. Gao, Z. Liu, P. Shen, “On characterization of credibilistic equilibria of fuzzy-payoff two-player zero-sum game”, Soft 

Computing, vol. 13, pp. 127-132, 2009. 

[10]     H. Ying, “Fuzzy Control and Modeling: Analytical Foundations and Applications”, Piscataway, NJ: IEEE Press, 2000. 

[11]      S. L. Chiu, “Fuzzy model identification based on cluster estimation,” Journal of Intelligent and Fuzzy System, vol. 2, pp. 267-

278, 1994. 

[12]   K.R. Sudha, Y. Butchi Raju, A. Chandra Sekhar “Fuzzy C-Means clustering for robust decentralized load frequency 

control of interconnected power system with Generation Rate Constraint” International Journal of Electrical Power & 

Energy Systems, Elsevier, Volume 37, Issue 1, Pages 58-66, May 2012. 

[13]      S. L. Chiu, “Extracting fuzzy rules from data for function approximation and pattern classification,” to appear as Chapter 9 in 

Fuzzy Set Methods in Information Engineering: A Guided Tour of Applications, D. Dubois, H. Prade, and R.Yager, ed., 

John Wiley, 1997. 

[14]      A.K. Jain, R.C. Dubes, “Algorithms for Clustering”, Prentice Hall, Englewood Cliffs, NJ, 1998. 

[15]    H. Ishibuchi, H. Ohyanagi, Y. Nojima, “Evolution of cooperative behaviour in a spatial iterated prisoner’s dilemma game with 

different representation schemes of game strategies,” IEEE International Conference on Fuzzy Systems, pp.1568-1573, 2009. 

[16]    S. Chong and X. Yao, “Self-adapting payoff matrices in repeated interactions,” in Computational Intelligence and Games, IEEE 

Symposium on, pp. 103–110, 2006 

 

 

 

 

 

http://www.ijergs.org/
http://www.sciencedirect.com/science/article/pii/S0142061511002882
http://www.sciencedirect.com/science/article/pii/S0142061511002882

