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Abstract— In many projects we have to use human judgment for determining the duration of the activities which may vary from person
to person. Hence there is vagueness about the time duration for activities in network planning. Fuzzy sets can handle such vague or|
imprecise concepts and has application to such network. The vague activity times can be represented by triangular fuzzy numbers. In this
paper a general network with fuzzy activity times is considered and conditions for critical path are obtained also we compute total float
time of each activity. Several numerical examples are discussed.
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INTRODUCTION

Fuzzy numbers were first introduced by Zadeh in 1965. There after theory of fuzzy numbers was further studied and developed
by Dubois and Prade, R.Yager, Mizomoto, J. Buckly and many others. Fuzzy numbers plays an important role in many applications.

The fuzzy numbers are used to represent uncertain and incomplete information in decision making, linguistic controllers, expert systems
etc,But the main hurdle in the development of applications is the computational complexity. Particularly arithmetic operations on fuzzy

numbers are not an easy task. Hence more attention is needed to simplify arithmetic computation with fuzzy numbers. By restricting
fuzzy numbers to triangular fuzzy numbers addition and subtraction becomes simpler but still the operation of multiplication, division
and max-min remains a complex processes. Therefore, some approximate methods are needed to simplify these operations.

In this paper we have obtained one such triangular approximation for multiplication which satisfies some criteria for approximation.
PRELIMINARIES

A. Definitions
A fuzzy subset A of a set X is a function A: X — |, where | = [0, 1]. A(X), is called membership of x in A. The

set{X € X | A(X) > ar}is called & -level cut or in short & -cut of Aand is denoted by A, . The stricter -level cut of A is the set

A ={Xe X |A(X) >a}.SupportofAisthe set Ay, ={Xe X |A(X) >O}.

If A(X) =1for some X € X then A is called normal fuzzy set. If each a-cut of A is convex then the fuzzy set A is called
convex fuzzy set. Core of fuzzy set Aisaset A = {X e X |A(X) =1} .we assume X = R. A fuzzy number A is a fuzzy subset of the set

of real numbers R with membership function A:0 — [0,1] such that A is normal, convex, upper semi-continuous with bounded
support. If left hand curve and right hand curve are straight lines then the fuzzy number A is called trapezoidal fuzzy number. If the core
is singleton set then the trapezoidal fuzzy number is called triangular fuzzy number.
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If Ais a triangular fuzzy number then it can be represented by A = (aj, a,, a3). The membership function of this fuzzy number is given
by,

X“% \vhena, <x<a,
a—a
a, — X
A(X)={——— whena, <x<
() =52y, Whena, <x<a,
0 otherwise

In this paper we use different type of representation for triangular fuzzy numbers called as g-8 fuzzy number. The membership
function of &-3 fuzzy number is of the form,

X—(r—c¢
¥whenr—s<x3r
€
r+e&)—x
r(x)= Qwhenr<xgr+g
&
0 otherwise

We denote the above triangular fuzzy number by I, s where € and & are left and right spreads of the fuzzy number. To obtain arithmetic
computations with fuzzy numbers in simpler way we use this notation.

Note that A= (ay, ay, as)

is equivalent to A= (a,) . Conversely if A=T, ; then A= (r-¢, 1, r +9)

8,—8,83—%

B. Arithmetic operations on &-6 Fuzzy Numbers

1) Addition

Addition of €-8 fuzzy numbers I, ;and S, ; is (r+ S)gl+52v &+, “fuzzy number defined by (I‘El’t;1 +S,,.5 )=(r+ S)gl+5215,[+52 .
2) Negation

Negation of e-6 fuzzy numbers I,  is —(rgﬁ) = (—I’)&g .

3) Subtraction

Subtraction of &-8 fuzzy numbers I, ;and S, ; is (r— S)sl+5z,82+51 -fuzzy number defined by (rslﬁl - 552,52) =(r— 8)51“52:52“51'
4) Maximum and minimum of fuzzy numbers
We use the max min operations introduced by Dubois-Prade [ 9]. If rgiy(;l and 552,52 are two fuzzy numbers then
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Max ( r,5‘1,51 ' S€2,52 ) = ré‘i,é‘l V 852,52 = (r Vv S)€1A82,51\/52

Min (rgl,()'l- 552,52 )= ral,ﬁl A 882,52 = (r A S)glvgz,alm)‘z

A project network is a graph (Flow chart) depicting the sequence in which a project’s terminal elements are to be completed by
showing terminal elements and their dependencies. The terminal elements of the project are called nodes. Nodes are connected by arcs
or lines. Time required to complete the activity is written on arcs. The project network is always drawn from left to right to reflect its
project’s chronology.

Project Start

The most popular form of project network is activity on node the other is activity on arc. PERT are CPM are the main project network|
techniques to identify critical path of the Network. CPM provides graphical view of the project and predicts the time required to
complete the project. Network in which the activity time is fuzzy is called as fuzzy project network.

NOTATIOS USED

A network G =<V ; A >, being a project activity-on-arc model with n nodes and m activities, is given. V is the set of nodes (events)
and A is the set of arcs (activities), |V| =M an |AI =N. The network G is a directed, connected and acyclic graph. The set V = {1,

2,..., n} is labeled in such a way that i < j for each activity (i, j) € A. Weights of the arcs (activity durations) (i, j) € A are to be

denoted by tij .Two nodes 1 and n are distinguished as the initial and final node, respectively.

Let i-j be the activity in which ‘i’ is called tail event (node) and ‘j’ is called the head event (node). Let tij be the activity duration of an
activity i-J. The earliest starting time for an activity i-j is the earliest time by which activity can commence and is denoted by ES=

max (TEI + tij) ; 17 . Earliest finish time is the time by which it can be finished and is denoted by EF

Latest starting time of an activity is the latest time by which an activity can be started without delaying the completion of the project and
it is denoted by LS. Latest finish time for an activity is the time by which an activity can be finished and it is given by LF = Latest finish

time=min (T’ = b) ifi=j.
Total float (slack) at each event is given by
— _T1 j
TF = LF — EF. Similarly Free float (FF) is FF = F=FK _Sj where Sj _TL _TE ,and

Independent Float is IF = F= —S; where Si: TLI _TEI .
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GENERAL EXAMPLE

Aslfdl z s
v 3

Then earliest start time for different nodes is

ES,=0y ES, =ES +t, =X, 5 ES; =ES +1,=0,,+Y, 5 =Y. s,

ES, =(ES, +t,,) v (ES; +t34):(xgl’51 + zgslgs)v(ygzﬁz +W54'54)

(X + Z) &465,5,455 v(y+ W)gz+g4,52 54

= (XHZ) VY W) im0 614000 (5,400)

Let(& + &) A (g, +6,) =€ (0, +0,) v (0, +0,)=d ES, =(X+2) v(Yy+W),4

The Latest finish time is given by LFs = ES; = (X+2) v (Y + W), 4 LF; =LF, =t = (X+2) V(Y +W)q =W, 5 =

LF, =LF, —t;, = (X+2) v(y+W),4 —W,, 5= (X+2) v (y+w) _W)M4 v LF, =LF, —t,,

=(X+2)v(y+W)ey -2, 5
= ((X + Z) Vv (y + W) - Z)e+é‘3,d+g3
LF = (LF, —t,) A (LR —t,)

[((X+ Z) v (y+W) - Z)e+§3,d+53 - Xgl,(il] v [((X + Z) N (y + W) _W)e+54,d+£A - ysz,(Sz]
[(X+2)V (Y +W) =2 = XL 5 01000 VIXFD VY AW) WYL 5 1 1 x4z > y+w then 1-2-4 is critical path and if x+z < y+w then 1-

3-4 is critical path. If x+z = y+w then we can determine the critical path using following procedure. We

have LF = 0(e+§3+é‘1)/\(e+s4+52),(d+53+gl)v(d+s4+£2) , Float on node (3) TF; = I—Fa - ESs
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= [(X + Z) Vv (y + W) - W]e+§4,d+g4 - ygz.ﬁz = Oe+54+52,d+54+52

Float on node (2) TF, = LF, —ES, =[(x+2) v (y+w)— Z]e+§3,d+g3 X6 = 0e+53+61,d+g3+51 Floats are given in the table 1

ANUMERICAL EXAMPLE 1.

From Fig. 2 float at node (2) is, TF, =LF, -ES, :56,9 _51,4 :010,10 .

Float at node (3) is TF3 = LF3 - E53 = 63,7 _64,2 = 010,11.The possible paths are 1-2-4 and 1-3-4,

Decision nodes are (2) and (3). The floats have equal core. Therefore we compare their spreads. The left spreads are equal but right
spread of (3) is greater. Hence the critical path is 1-3-4.

NUMERICAL EXAMPLE 2 °

From Fig.(3) Floats at node (2) and (3) are 010,10 and 09,10. Here right spreads are equal therefore the node which has lesser left spread

is critical. The critical path is 1-3-4.
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NUMERICAL EXAMPLE 3 °

V8]
o

o
W

From fig.4 floats at nodes (2) and (3) are 011,11 010,12 therefore node which has lesser left spread and greater right spread is critical.

The critical path is 1-3-4.

NUMERICAL EXAMPLE 4 3. 7 7

From fig. 5 floats at node (3) and (2) are 011,11 Floats are equal. Therefore both the paths are critical paths and in this case there are

multiple critical paths.

CONCLUSION

In this paper triangular fuzzy numbers are renamed as €-6 fuzzy numbers are used to represent time duration of activities. A

general network with four nodes and four activities is discussed. Computation of critical path is discussed with various examples.

Rules for determining nodes on the critical path are given.

NODE | Total Float Free Float

[(X + Z) V (y + W) - X — Z](e+53+§1),(d+€3+$1) Oe+d+51+g3+§1+63,e+d+51+53+61+§3
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bl
Table 1 2 [(X + Z) (y + W) y W] e+54+52 d+6‘4+£2) Oe+d +Ey+E4+0,+0, 8+ +E,+84+0,+0,
3 [(X + Z) (y + W) X Z] e+51+53 d+£1+6‘3) 029+d+§1+§3,e+2d+51+g3
4 [(X + Z) (y ‘|‘ W) y W] e+54+52 d+6‘4+82) 029+d +0,+0,,e+2d+&y+&,
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