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Abstract— This paper deals with a fuzzy based two warehouse inventory model for decaying items in which demand is taken to be
cubic function of time, holding cost, ordering cost, backorder costs which are fuzzy in nature. Shortages are allowed in the owned
warehouse. Due to lack of historical data and information the probability of certain new products are not known and in that case to
remove certain uncertainty fuzzy concept is used. In this context we have used triangular fuzzy numbers to represent the fuzzy
parameters. Finally the model is solved mathematically and profit maximization technique is used to illustrate the system using
Signed Distance method.
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INTRODUCTION

An inventory system deals with the decision that minimizes the net cost of the system and maximizes the net profit of the system. In
the present competitive business world many of the inventory models are formulated with the unrealistic assumption that all produced
items are of good quality. But it is impossible for the production company to produce all the good quality products as there always
remains some defective items .In an inventory model the cost parameters such as holding cost, ordering cost, purchase cost, demand
etc are known and have definite value without ambiguity. Some of the business fit such conditions , but in most of the cases due to the
changing market scenario the parameters are imprecise. This uncertainty concept can be defined as fuzziness or vagueness. The
authority have to decide how much and when to order or manufacture so that the profit should be maximum and total cost associated
with the inventory system should be minimum. Also in reality there are so many physical goods which deteriorate during the stock in
periods due to different factors like dryness, damage, spoilage and vaporization. Deterioration means worsening of products. It is a
natural phenomenon in our daily life. Products like vegetables, milk, domestic goods, fashion goods; electronic components etc are
deteriorating items. So this deteriorating must be considered to formulate an inventory model.

During the last few decades Inventory models have been widely applied in the competitive business world. Ghare and Schrader(1963)
developed for the first time an inventory model for deteriorating items. Convert and Philip(1973) extended their work. Hartely (1976)
first proposed a problem in his book “Operations Research — A Managerial Emphasis”. In the formulation, the transportation cost for
transferring the items from RW to OW was not considered. After Hartely (1976), Sarma (1983) extended the model under the
assumption that stocks of RW are transferred from RW to OW in a bulk release fashion with fixed transportation cost per unit. Dave
(1988) discussed the two-warehouse inventory models for finite and infinite rate of replenishment rectifying the errors of the model
developed by Sarma (1983) and gave analytical solution of each model. Further, Goswami and Chaudhuri (1992) developed the
models with and without shortages for linearly time dependent demand. In their formulation, stocks of RW are transferred to OW in
equal time interval. Correcting and modifying the assumptions of Goswami and Chaudhuri (1992), Bhunia and Maiti (1994) discussed
the same model and graphically presented the sensitivity analyses on the optimal average cost and the cycle length for the variations
on the location and shape parameters of demand. The same type of model was developed by, Kar et al. (2001), Zhou and Yang (2003)
and Mondal et al. (2007) for different types of demand. Donaldson (1977) developed an optimal algorithm for solving classical no
shortage inventory model. Sarma (1987) developed a two-warehouse inventory model with infinite replenishment and completely
backlogged shortages. Dave (1989) proposed a deterministic lot size inventory model with shortages and a linear trend in demand.
Goswami and Chaudhuri (1991) discussed different types of inventory models with linear trend in demand. Pakkala and Achary
(1992) then extended Sarma’s (1987) model for finite replenishment rate. All the models in Sarma (1987) and Pakkala and Achary
(1992) were developed for prescribed scheduling period (cycle length), uniform demand and stocks of RW transferred to OW in
continuous release fashion ignoring the transportation cost for this purpose. Benkherouf (1997) presented a two-warehouse model for
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deteriorating items with the general form of time dependent demand under continuous release fashion. Bhunia and Maiti (1997)
discussed the same type of problem considering linearly (increasing) time dependent demand with completely backlogged shortages.
This model was developed for infinite time horizon with the repetition of entire cycle with the changed value of the location parameter
of the time dependent demand. Recently, very few researchers developed this type of model considering finite time horizon. All these
models mentioned earlier were discussed only for non-deteriorating items. Lee and Ma (2000) developed a no-shortage inventory
model for perishable items with free form of time dependent demand and fixed planning horizon. In their model, some cycles are of
single warehouse system and the remaining is of two-warehouse system. Kar et al. (2001) discussed two storage inventory problems
for non-perishable items with linear trend in demand over a fixed planning horizon considering lot-size dependent replenishment cost
(ordering cost). On the other hand, considering two-storage facilities, Yang (2004) developed two inventory models for deteriorating
items with uniform demand rate and completely backlogged shortages under inflation. Recently, Yang (2006) extended the models
introduced in Yang (2004) by incorporating the partially backlogged shortages. In the year 2007, Chung and Huang (2007) proposed
two-warehouse inventory model for deteriorating items. Deb Choudhury.P and Dutta.P developed a two warehouse inventory model
considering demand as cubic function of time. However, all these models were developed based on an impractical assumption that the
rented warehouse has unlimited capacity.

The concept of fuzzy logic was first proposed by Zadeh(1965) .Bellam and Zadeh(1970) discussed the difference between
randomness and fuzziness . Silver and Peterson(1985) developed decision systems for inventory management and production
planning. Zimmermann(1985) gave a review on applications of fuzzy set theory. Park (1987) discussed the EOQ model in which
trapezoidal fuzzy numbers are used. Yao and Lee(1999) presented a fuzzy inventory model with and without backorder for fuzzy
order quantity with trapezoidal fuzzy number.

A deterministic inventory model for deteriorating items with two warehouses is developed. Inventory cost in rented
warehouse is higher than that of own warehouse. Demand is taken cubic (time dependent) in nature. Holding costs, ordering cost and
backorder cost are considered as fuzzy numbers. The triangular fuzzy numbers are used to represent the fuzzy parameters. The total
profit of the system is obtained with the help of Sign distance defuzzification method.

PRELIMINARIES:
FUZZY SET

A fuzzy set A in a universe of discourse X is defined as the set of pairs A = {(x, uz(x)): x € X}, where u;(x):X— [0,1] is a mapping
and px(x) is called membership function of A or grade of membership of x in 4 .

CONVEX FUZZY SET

A fuzzy set 4 in a universe of discourse is called convex if for all

X1, %3 € X, uz(6x; + (1 — 8)xy = min{uz(xy), ua(x,)}, where § € [0,1].

NORMAL FUZZY SET

A fuzzy set 4 is called normal fuzzy set if there exists at least one x € X such that px(x;) = 1.
FUZZY NUMBER

A fuzzy number is a special case of a fuzzy set. Different definitions and properties of fuzzy numbers are encountered in the literature
.But it actually represents the notation of a set of real numbers ‘closer to a’ where ‘a’ is the number being fuzzified. A fuzzy number is
a fuzzy set which is both convex and normal.
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TRIANGULAR FUZZY NUMBER (TFN)

A triangular fuzzy number 4 is represented by the triplet (a,, a,, a;) and is defined by its continuous membership function where
ux(X):X— [0,1] is given by

ifa; <x<a,

1 if x=a
ka0 =10 =1, 1, 2,
ifa, <x<a;

0 otherwise

ASSUMPTIONS & NOTATIONS
The following assumptions and notations have been used in developing the model:

1. Replenishment rate is infinite and lead time is constant.

2. Holding cost, demand both depends on time.

3. Shortages are allowed and unsatisfied demand in backlogged at a rate A+Bx, where A is constant, B is backlogging
parameter (positive) and X is the waiting time.

4. Inventory cost in rented warehouse is higher than that of own warehouse.

Demand is assumed as, D = a + bt + ct? + dt3,where a,b,c,d > 0

6. Holding cost in own warehouse assumed is h,

o

Holding cost in rented warehouse assumed is h,. . These parameters are fuzzy in nature.

7. €, =fuzzy backlogging cost per unit per unit time

8. R =opportunity cost per unit

9. T =The length of the replenishment cycle

10. t; =time at which the inventory level falls to zero in RW
11. t, =time at which the inventory level falls to zero in OW
12. RW : Rented warehouse

13. OW : Own warehouse

14. o :deterioration rate in OW

15. B :deterioration rate in RW,0 < o, <1

16. I, (t) : Inventory level in RW at time t

17. L,(¢t) : Inventory level in OW at time t

18. I;(t) : The level of negative inventory at time t.

19. €  :The purchase cost per unit.

20. P : Fuzzy Ordering cost.

21. g : capacity of own warehouse

22. p : selling price per unit, where p>C

23. Q :The ordering quantity

24. S :The maximum inventory level per cycle.
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THE MATHEMATICAL MODEL

The model begins at time t=0.Initially the business community purchases a certain amount of item from market. From which certain
amount is used to meet up the backorder quantities in previous cycle and ‘q’ units of products are kept in OW and the remaining
amount in RW. During the time interval 0 < t < t; the inventory level in RW decreases due to both demand and deterioration and
becomes zero at t=t;.But in OW the inventory level g decreases during 0 < t < t; ,due to deterioration only and during t; <t <

t, due to both demand and deterioration. At time t = t,, the inventory level in OW reaches to zero. Then shortages are allowed to
occur during t, <t < T .Our objective is to find the maximum total average profit by considering all the relevant costs per unit time
of the inventory system.

The inventory levels in RW and OW are given by the following differential equations

@+Bh— —(atbt+ct?+dt’) ,0<t<t,, .. 1)

With the condition I, (t) = 0, at t=t;
And —+a12—0 ,0<t<t,,. L (2)

With the condition 1, (0) =q

The solution of (1) and (2) are,

24t

— [a+b (t;- —) +o(t2- 2+ > )+d (- 9t| 36t

B

)]eﬁ(t1t)+[a+b (t-—) +C (tz-ﬂ+ )td (t3.9—t 8—6-%2)] ............. ©)

L=ge % 4)
Again during the time t;<t<t,, the inventory level in OW decreases due to both demand and deterioration.

The differential equation involved here is:-

%ﬂﬂz— (a+bt+ct+dt) | t<t<t

With the condition I, (t) = 0, at t=t,

Therefore,

lL=—[a+h (t- ) +¢ (17 22 + = )+d (& 3-9£ 22 S0] v 0+ [ath (t-2) +¢ (- = + = )+d (t3-9—t 22D (5)
From (4) and (5) and due to the continuity at t=t; is,

l2 () = g~
= —[atb (- 2) +¢ (- 2 + = )+d (- K L2 Z] e W tath (4 2) e (17 2+ )+ (b 3-9i #2202 = geman
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2 At 4t

= (= (e%"1 — e®2) [a+h (t;- t,) +C (% t%- -+ ) +d (t- >+ (tz -t1%) + —(tl— t)]

q
)+d (t13- t234+ (t22 ti2) + 2(1’,1 t2)]

= e — e%h2= 4t1 It
[a+D (t1- t2) +c (t12- t22-

q
)+d (ti3- t23+ (t22 t12) + 2(1’.1 t2)]

= e%fz=e®"1 — 4t1 It
[a+D (t1- t2) +c (t12- t22-

In (e%1- 4t1 4t : )
[a+b (t1- t2) +c (ta2- t22- )+d (ta3- 3+ (tzz t12)+0‘2 (ti- t2)]
=3 t2: .................................. (6)

a

Again during, t,<t< T, shortage occurs, so inventory level is backlogged follows the differential equation

T= —(atbtrot*+dt’) (A+BY), 4=t Toroe 7)

With the condition 15 (t) =0, at t=t,

Therefore,

|3:Aa(t2-t)+(§+%)(tzz-tz) +(§ —)(t2 t)+(BC+dA)(t2 tY) +2 ( S Y (8)

The order quantity about replenishment cycle is given as,

=11(0) +12(0) - 15(T)

=—atb () +o (67 G ) (6570 450 Dl P +a- 24 - T 4 {Aa (DR + ) (8- T) +5 + ) (6T +
(&ﬁ)(tz ™+ ?( T 1) O 9)
The maximum inventory level per cycle is,
S=1(0)+1,(0)
= —[ath (- 3) +0 (67~ 5+ £ )4 (0% 2+ 5] P @ 24 50 S 4 (10)
Holding cost per cycle in RW,
Chy =f0tl h,[;dt
= _1 2 4t _of 36t 60,1 efn e e 20y 1o
= hr{[a+b (t1 (-2 2)rd (8- 2+ 2 - S-S a2 - S+ - S T (e

Holding cost per cycle in OW,

CHZ :fotl h,l, dt +f: hol dt
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= hoge™"1 _1 2 _ 4 6 3_ o 36ty 6o\1 lfC2mt), o b 60d e
= - +h0{[a+b(t1 B)+c(t1 . +Bz)+d(t1 : + . Bg)][B 5 ] +(a —— =t
4c 36d, g% t? o, ,t3 t3 ty  tf
)(t, — t;) + (b- n +?) (72 - ?1)+ (c- F) (?2 - ;1) + d(:2 - :1 )} (12)
Total holding cost, Ci =Cry +ChHy «eovvvevrvivenee (13)
Ordering cost =P
Backlogging cost per cycle, SC= —C; ftZ(A + Bt)dt
T2_¢.,2
= —C,[(T — t,) A+B (TZ)] .................. (14)
Opportunity cost, OC =R (T — t,)[1 — A — g ER2) (15)
Purchase cost per cycle, PC =CQ................ (16)
Sales revenue per cycle,
SR=p[f,%(a+ bt + ct? + dt®)dt +f;(a + bt + ct? + dt?) (A + Bt)d]
2 3 4 5
=p(at; + b Z+cZ+d2) +p[Aa(T-t)+@B+A)E- - 2 J+(bB+AC)H T - 20) +BerAd) (L - 2 )+ BAE -20)] ... (17)

Total profit per unit is,
X = % [SR-Ordering cost- Cy-OC-SC-PC]

1 2, 63, T?  t,? T3 t,3 T4 % TS t,°
= T { p(atz +b 7+C?+d:) +p[Aa(T-t2)+(aB+bA)(7 ey )+(bB+AC)( 35 ) +(BC+Ad)( . )+ Bd(? oy )] —P— hr{[a +

4

_1 2 _ 4, 6 3 oo 36ty 60\l e, o b 60d 6 e 36yt oo Syt g td
b(ti—g)+e (B =2+ 2)+d(d- T +3 - SIE -1 Ha—5 - TEn + 0- 5 +29 T H(c-T) T+ a ]
_hoge™™1 _1 2 _ 41 6 3 _ o 36t 60\ ofCeT), o b 60d 6cy,
J- b hy{la+b (- g)+e (8 - T+ Z)+d (8- T+ - S -t Ha -2 - S -t +

4c  36d, 3 t? od, t3 3 ty  t} T2-t,2 B 1

(b-Z+30) (G =P+ () G =) +d(G = T IHCIT — L)A+B— D) R(T = t)[1— A= (T + t5)]-C-{a+b (tr- ) +c

4t 6 9% 36t 60 b | 6c 60d B Ab Bb A B
(%= 5+ g )rd(’ 2+ D} effaa- 2+ 22 - =00] =Cq —ClAa(t )+ &+ (&*T)+ (0 T+ (1™ T)+ (k"
LR e (R R, L (18)

4 5

Now, the total profit of the system is maximum if it satisfies

ax ox a%x a%x
— el :O, _2>0 , —
oT at, aT?

>0

at,

2 2 2
92X 9%X ( %x )2
dt,2 aT? t,0T
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FUZZY MODEL

In the above model we have developed a crisp model in which holding costs in RW and OW are fuzzy in nature along with ordering
cost and backorder cost. We have considered these cost parameters as triangular fuzzy numbers and then defuzzified by the method of
Signed distance defuzzification method.

SIGNED DISTANCE METHOD
Here holding costs, ordering cost, backorder cost are considered as triangular fuzzy number. Suppose the following numbers

Q) h, € [hy — Ay by + A,],0 < A< hy, 0 < AjA,
(i) hy € [hy — Az, hy +AL),0 < A;< by, 0 < AzA,
(iii) Pe[P—As, P+ 45,0 <A< P,0 <A

(iv) Cs € [Cs— A, Cs + Agl,0 < A,< C,, 0 < AjAg

The signed distance method of the above fuzzy numbers are as

M d(R0) = he +5 (8, —A)
(ii) d(hy,0) = h, +§(A4 —Ay)
(i) d(P,0) =P+ (8 —As)

V) d(C0) = Co+5(8g— 4y)

Now, X = (X1, X5, X3)

X; =2 {pat, + b LrcErd) +p[Aa(T-t)+(@B+bA) (L - 22 y+(bB+AC) (L - 2 ) +(Be+Ad) (= - 22 )+ Bd(Z - 22 )] ~(P—4s) —
1= 7 1Pt PRAFRAFY A 2 2 2 3 3 4 4 5 5 5

- B 2 QR © 3_ 9% 36t 601 P, o b 60d 6c Jte  36dy e
(he=8D{a+b (= g)+c (B = 2+ 2)+d (b 30+ 32 - TR -] +a -5 — S+t + (0- 5 475
0w gy (tom8s)qeT - _4 2 _ 4 6 3_ 9 36t 60\l
— T +d%} Wt (ho—){[a+b (- g)+c (B - B+ Z)4a (0 - T +22 -2
Bez-t) b 60d 6 4c 36d, t3 & ody 5 £} ty  th T2-t,?
@=L - Tt — ) £ (-S4 (G = () (G =) (G — MG — AT — R)AYB -
R(T = £;)[1— A= 2 (T + &)]-Cl-{atb (tu-) + (- 7+ 2 )+t T+ 0} eftre[a- 2+ 22 - 2] —Cq ~ClAa(tT)+ 5

BT+ 65T+ 265 T+ 5505 T+ 250" T+ (" T+ (6™ T T}
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X,= 1 (plat, + b S+c+d) +p[Aa(T-t)+(@B+DA)(: - 2 )+(bB+AC) T - ) +(BerAd) (- 2 )+ BACS -2 )] ~(P+4,) -

_1 2 _ 4, 6 3 _ o 36y 60\y1 ef, o b 60d e _4c | 36d) 2
(e +8){[a+b (6= g)+e (i = 5+ Z)+d (8= 3+ 22 - SIE -1 Ha— 5 = S8 +20 )0 + (0- 5 220 =
_ayw gty (otbageT® _ 1 2 _ My 6 3_ 94 36 60\
T +dTY 20—t (hy +8){[a+b (= 5) e (B - 2+ 2)+a (b -2+ 22 -
B(t2—t1) b 60d 6 4c 36dy t3 tF o, 3 3 t3  t} T2-t,2
o= T )t —t) + (- ) (G () (=) + A (G — MG + ) [(T — )AB—)]-
R(T = £;)[1 = A =2 (T + &)]-Cl-{atb (tr-3) +o (6 - 2+ 2 )+t T+ 0} effre[ @ - 2+ 22 - 2071] ~Cq ~ClAa(t T)+ 5

T2+ 20T+ 2265 T+ Z5( 0% T+ 250" T+ (' T+ 2t TO]}.......(19)

Total profit per unit time by signed distance method is as follows,

S 1 t?2, 3t T?  ty? T3 t,3 TN TS t,5
d(X)= X + 2 {p(at, + b—+c+d7) +p[Aa(T-t)+(@B+bA) (5 - —- )+(bB+AC)( - - =) +(Be+Ad) (- =- )+ Bd(7-- )] -

Be=b7y _ (Az=hy _1 2 _ 4, 6 3o a6ty 601 ef, o b 60d 6c _4c
(5D - ED(la+b (- )+ (8 -2+ Z)+d (- T +22 - SE - Ha— 7 - TEEL + (05
36dy bt oo 9Tty (Bamhg)qeT™t | Aymhg _ 1 2 _ My 6 3_ 94 | 364 60,1
2 E (- T +d %) D+ D la+b (- g)Fe (8 - T+ 2 )d (8- 2+ - I
B(tz—t1) b 60d ,6 4c 36dy 3 t} 9d, t3 3 oP G T2-t,2
- - TG — )+ (-0 G- () (2 D) +dE )M (e — A)/4((T — )A+B(— D))
R(T = £;)[1 = A =2 (T + &)]-Cl-{atb (tr-) +c (6 - 2+ 2 )+t T+ 0} eftre[ @ - 2+ 22 201] —Cq ~ClAa(t T)+ 5

G5 Tor T To 2% T+ (5 T+ 25" T+ 6 T+ (6™ T}

Hence it is possible to get the optimum solution for any particular situation with the help of the above equation (20). Also numerical
solution can be obtained with suitable software.

CONCLUSION

In real life, uncertainty plays an important role in formulating a decision making problem of any industry or business company. Due to this
uncertainty several parameters may be imprecise. To deal with such problem fuzzy logic is used. In this paper, a two warehouse Fuzzy
inventory model is developed considering demand as cubic function of time t, different cost parameters are considered to be fuzzy in nature.
Here triangular fuzzy number is used to depict the cost parameters. The deterioration factor is also taken in to consideration here as almost all
the products will undergo decay in the course of time due different factors and different preserving facilities in both the warehouses. Also it is
assumed that preserving facility of RW is better than in OW. With the help of our formulated system any numerical illustration can be studied
with suitable values.
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